It is shown that the only vacuum algebraically special space-time that is asymptotically simple is Minkowski space.
Introduction
The assumption of algebraic speciality of the Weyl tensor has been one of the most fruitful ansätze for generating exact solutions of the Einstein vacuum equations. One of the early motivations for studying algebraically special space-times was the possibility that one might be able to find a nontrivial asymptotically simple vacuum solution, Penrose (1965) . The formalism for analysing asymptotically flat radiating space-times has been developed considerably but without the help of any nontrivial examples of asymptotically simple vacuum space-times. Such a space-time should describe free gravitational radiation coming in from I − , interacting with itself in the interior, and then radiating out to I + . The best candidates for radiating space-times have global pathologies. However, these pathologies can be seen in the linearized limits of these solutions, and so they are unremarkable. (The plane fronted waves, for instance, have infinite energy.) The hope that there would be some asymptotically simple algebraically special vacuum space-times arises from the observation (Penrose 1965 ) that there exist many algebraically special solutions of the linearized vacuum equations that are regular over compactified Minkowski space and might be thought to be the linearized limit of a family of asymptotically simple space-times, i.e. asymptotically flat space-times with no global pathologies. Indeed, such solutions can be made to depend on free functions of two variables.
The purpose of this article is to show that algebraically special solutions cannot be asymptotically simple-the global regularity of linearized algebraically special solutions is unstable when considered as limits of algebraically special solutions of the full vacuum equations. This feature is brought about by nonlinear features of general relativity; the argument relies on showing that the Bondi mass on one of I + or I − is zero or negative so that the positive mass theorem then imply that the space-time must, if vacuum or satisfying the dominant energy condition, be singular or Minkowski space, Ludvigsen & Vickers (1981 , 1982 , Reula & Tod (1984) . (The Bondi mass of the linearized limit of an asymptotically simple vacuum solution is of necessity zero.)
In §2, the basic form of the algebraically special metric is reviewed along with the definition of asymptotic simplicity. In §3 the main theorem is given and proven. The conditions one must impose on solutions of the reduced vacuum equations that guarantee asymptotic flatness are derived. The standard coordinates on I are shown to be directly related to those used in Kerr's reduction of the field equations. It is then observed that there is a canonical identification between I + and I − and that the Bondi mass on a cut of I + is equal to minus that on the corresponding cut of I − . This leads to a contradiction with the assumption of asymptotic simplicity. In §4 this property is illustrated with reference to the Schwarzchild and Kerr solutions.
In the first appendix the metric for diverging algebraically special space-times is reviewed. Using the observations of §3, the radiation fields can be obtained at I in terms of the metric coefficients.
In the second appendix, the Cauchy Riemann structure on the space of geodesics of the geodesics shear free congruence underlying these algebraically special space-times is considered and the data on the space of geodesic required to rebuild the space-time is characterized intrinsically with respect to the Cauchy Riemann structure.
Background
In this section we review the background used in the rest of the article, the form of the metric for algebraically special space-times and the definition of asymptotic simplicity.
We will restrict our attention to the case of algebraically special space-times with diverging rays. Space-times with non diverging rays cannot be asymptotically flat in the directions along the congruence: according to the peeling theorem the Weyl curvature components Ψ n must fall off at least as fast as r n−5 where r is an affine parameter along the congruence and the components of the Weyl curvature are taken with respect to a parallel propagated null tetrad (l, m,m, n) with l a aligned along the congruence. When the rays are non diverging, the Ψ n fall off only as fast as r n−4 along the congruence, and so I will be singular in this direction.
The basic form of the metric
The metric for a general algebraically special space-time on a manifold M with diverging rays can be put into the form: ds 2 = 2l · n − 2m ·m,
are a null tetrad (related to a standard orthonormal tetrad (T, X, Y, Z) by the usual relations (l, n, m,m) = √ 2(T −Z, T +Z, X +iY, X −iY )), where x a = (u, r, ζ,ζ) are the coordinates on M,z, w and ρ are complex functions, and H is a real function. See the appendix for details, note that there is some discrepancy between the notation here and that in Debney, Kerr & Schild 1969 from which the results are mostly taken.
It is convenient to define the vector fields:
where R ab is the Ricci tensor, we obtain:
The residual coordinate freedom is
where ζ = ζ (ζ) is a holomorphic function of ζ and λ = dζ (ζ)/dζ. The transformation should be accompanied by a rescaling of the spin frame given by o A → λ(ζ)o A to preserve the given form of the null tetrad. The transformation u → u + f (all other coordinates fixed) acts trivially on all the metric functions except z which transforms according to z → z − f,ζ so that the vector fieldδ is invariant. The first transformation induces the following variations:
Asymptotic simplicity
We recall from Penrose and Rindler (1986) that an asymptotically simple space-time (M, g) is one for which 1. M admits a conformal compactification ( M, g), which is a manifold with boundary such that M is the interior of M,
. Ω is a smooth function on M such that Ω > 0 on M and dΩ = 0 on I = M − M 4. every null geodesic in M acquires a past and future end-point on I.
Recall further that when R a a = 0 near I, I is naturally a null hypersurface and splits into two parts, I + , future null infinity and I − , past null infinity. Both components have topology S 2 × R. Furthermore, if R ab → 0 towards I, then I is a shear free null hypersurface so that the S 2 cross sections of I are mapped onto each other conformally along the generators and I is endowed with a strong conformal geometry (which means, in elementary terms, that if a conformal scale is chosen for the conformal structure on the S 2 of generators of I, then there is also a natural scale defined for the vector aligned along the generators of I-this is derived explicitly in the following). The main data for the space-time is encoded in the asymptotic radiation fields, Ψ 0 n , n = 0, . . . , 4 and the asymptotic shear, σ 0 .
Asymptotic structure
In this section the asymptotic structure of the metrics of the previous section is analyzed and the standard structures are derived. The final result will be the theorem:
Theorem 1 Suppose a space-time M admits a geodesic shear free congruence aligned along the vector l a and the Ricci tensor satisfies the equations
a is a complex null vector orthogonal to l a , and the remaining stress energy momentum tensor satisfies the dominant energy condition, then M is not asymptotically simple unless it is Minkowski space.
We will actually prove something stronger. Firstly we show that a space-time satisfying the stated conditions admits a piece of I + . If this piece includes a 2-sphere cross section, then a piece of I − can be constructed also containing a 2-sphere cross section, and the Bondi energy is negative on one of these two-spheres (the Bondi energies on the corresponding cuts of I + and I − sum to zero). Thus, if the dominant energy condition is satisfied, the two sphere with negative energy cannot be spanned with a space-like hypersurface on which the data satisfies the dominant energy condition. This in particular contradicts asymptotic simplicity.
Null infinity for local algebraically special metrics
First we assume that we have a smooth algebraically special space-time with topology U × R, with U , an open set in R 3 , parametrizing the rays of the null geodesics, and the R factor being the null geodesics of the congruence subject to the subset of Einstein's equations (1). We show that it has a conformal completion, giving at least a part of null infinity diffeomorphic to U . Furthermore, the identification between the piece of future null infinity and past null infinity along the congruence can be used to wrap the space-time up into U × S 1 with the S 1 factor being the null geodesics of the congruence. In this conformal compactification, the conformal metric is smooth across I, which is now a single submanifold of U × S 1 . Since the r dependence of the coordinate form of the metric is now explicit, we can examine its behaviour as r → +∞. The coordinate form of the metric is defined for r in the range (−∞, ∞) wherever z and ψ 0 2 are regular, except possibly where r and ρ 0 both vanish. Such regions will be in the interior, and will not concern us).
To see that the metric is asymptotically flat as r → ±∞, put R = 1 r , and rescale the metric using Ω where Ω is a smooth monotonically increasing function of |R| such that
We can then define
where we have used ρ = −R + O(R 2 ) as R → ∞. Note that I, the hypersurface Ω = 0 or equivalently R = 0, is null, as should be expected from the condition R a a = 0.
1 The 'unphysical' metric d s 2 can be seen to be smooth at the hypersurface R = 0 as required for asymptotic simplicity. The hypersurface R = 0 is a piece of I ± , I + in the limit as R → 0 through positive vaues and I − as R → 0 through negative values. We can join I + to I − by alowing the coordinate R to pass through the value 0 and become negative. The unphysical space-time, with this identification, has topology U × S 1 and the metric d s 2 is manifestly smooth across R = 0 with this identification. Thus the asymptotic data, the asymptotic shear and leading coefficients of the Weyl tensor can be identified.
In the usual treatment of I, a Bondi 'retarded time coordinate' is chosen, usually denoted by u. It is an affine parameter up each generator of I (with respect to the unphysical metric, d s 2 ) and compatible with the strong conformal structure on I. The coordinate u above is such a coordinate. To see this, let d s 2 = Ω 2 ds 2 where Ω = 0 on I. Then consider the vector field, N a = g ab ∇ b Ω. Then, at I, N a is tangent to the generators, and the Bondi retarded time coordinates, v, are defined by the condition:
with Θ > 0 and independent of u, the metric on the space of generators of I is also rescaled and N a → Θ −1 N a and so v → Θv. So for each choice of conformal scale for the metric on I, we have a retarded time coordinate v defined up to v → v + h(ζ,ζ) canonically associated to it. Here, with Ω = |R| near I, it can be seen that the coordinate u used in the metric above is an affine parameter up the generators of I compatible with the strong conformal structure.
One can proceed to calculate the asymptotic shear and Weyl curvature components. These calculations are given in the appendix.
Null infinity for global algebraically special metrics
It is now possible to identify the coordinates in the metric above with the coordinates and geometric structures one expects at I when the space-time is asymptotically simple. At R = 0, we have d s 2 = dζ ·dζ. Thus ζ is constant along the generators of I, and is compatible with the conformal structure on the cuts u =const. of I.
Since the space-time is assumed to be asymptotically simple, the space of generators of I must be S 2 . The coordinate ζ is free up to biholomorphic transformations and this freedom can be restricted by the requirement that it be one of the standard complex stereographic coordinates on S 2 \{∞} obtained by stereographic projection of S 2 onto the complex plane from the the 'north pole', which becomes ζ = ∞. This reduces the allowable coordinate transformations of ζ to be Möbius transformations. With this choice the corresponding u is a Bondi retarded time coordinate compatible with the strong conformal structure and the remaining coordinate freedom is:
This is the standard B.M.S. group.
Remark
We have used a conformal scale for I which omits a generator from I, and leaves a Euclidean metric on the remaining space of generators. For global considerations we require the use of 2 coordinate charts to cover I, one using the coordinates (u, ζ,ζ), the other using the coordinates (u , ζ ,ζ ) = (u/ζζ, 1/ζ, 1/ζ). A global conformal gauge is obtained if we use Ω =
2R 1+ζζ
instead of R. This yields a spherical metric on the space of generators of I:
The coordinate u = u (1+ζζ) 2 is then the affine parameter up the generators of I compatible with the strong conformal structure. The coordinates (u, ζ,ζ) are then global on I so long as we allow ζ = ∞. See Kramer et. al. §23 for a slightly different reduction of the algebraically special field equations in a gauge in which the sections of I can automatically have a spherical metric using Ω = R.) Note that the awkwardness still remains in that we still need two coordinate charts to cover I and the shear and curvature components are sections of nontrivial line bundles on I and still need two different coordinate patches for a nonsingular description. The formulae are less complicated in the gauge used in this paper as one need only use the coordinate derivative ∂ ∂ζ instead of the Newman-Penrose 'edth' operator.
Lemma 1 Suppose I
+ exists with topology S 2 × R, then the natural identification between I + and I − along the congruence can be used to extend I − so that it is smoothly diffeomorphic to I + and also has topology § 2 × R.
Proof:
We have seen that as R → 0 from above or below, one ends up with the same conformal structure on the space of generators and the same strong conformal structure (indeed in the appendix it is shown that they also have the same shear and asymptotic curvature components). Suppose that (u, ζ,ζ) are good global coordinates on I + in the sense that a second patch to cover I + is simply given by (ũ,ζ) = (u/|ζ| 2 , 1/ζ) (i.e. the ζ coordinate is a stereographic coordinate on the sphere as described above). Then these two patches can be extended to a neighbourhood of R = 0 and the metric ds 2 is regular in both patches. Furthermore these coordinates are Bondi coordinates in both patches as R → 0 from above or below. Hence these are also good global coordinates on I − and establish the desired extension of I − and smooth global identification. Note that, there could, at least in principle, be an inequivalent I − that is not the same as the one constructed above (presumably only when we are not dealing with globally asymptotically simple case). However, the construction above suffices for the purpose of the results.
We suppose the cut u = 0 is a smooth cross section of I + and therefore also of I − . We now proceed to compare the Bondi energy at I + and I − on this cut. This is given by the same integral but with opposite signs
on the two surface considered as a subset of I + or I − where dA is the area element of the cut, Ψ 0 2 is an asymptotic component of the Weyl spinor in the parallel propagated spin frame out towards I and σ 0 the asymptotic shear are given in terms of derivatives of z and ψ 0 2 in the first appendix. The opposite signs can be seen in a variety of ways. The equation Φ 22 = 0 gives the correct mass loss formula at I ± decreasing towards i ± (note that u necessarily increases towards the future on both I ± ). Alternatively one can express the integral as the derivative with respect to Ω of the conformally invariant integral & Rindler 1986, equation (9.9.59 ). The sign of ∂/∂Ω changes from I + to I − since near I, Ω = |R|. Alternatively, one can check the signs involved in the direct definition of the Bondi energy.
Thus we have E + + E − = 0 which leads to the desired so that one of E ± is zero or negative leading to a contradiction with the assumption of asymptotic simplicity and the dominant energy condition except in Minkowski space, Ludvigsen & Vickers (1981 , 1982 , Reula & Tod (1984) .
Conclusions and discussion
It is worth noting that the argument only required a small neighbourhood of a cut of I ± and implies that there do not exist two space-like 3-surfaces spanning the cuts on which the metric is regular and dominant energy condition holds. The smoothness assumptions were also not essential, one only requires as many derivatives as are required to make the Bondi energy well defined.
The most elementary example of this phenomena, Schwarzchild, is too degenerate to give a good example of the problem. In Schwarzchild, the congruence runs straight into the singularity. In these Kerr-Schild coordinates, the singularity is given by poles in the metric (where R = 0) and the space-time can be continued through to a negative mass Schwarzchild. In the Kerr solution, the situation is clearer and in the standard extension of the Kerr solution, the inward going congruence from I − does get out to a I + in the future, but it is an additional future null infinity in the maximal extension obtained by going through the event horizon and indeed on this I + the Bondi energy is indeed negative. This is not, however, the I + in the same quadrant of the space-time as the I − from which the congruence started.
Appendix I: The metric for algebraically special space-times with diverging rays.
The form of the metric and field equations used in this paper is essentially due to Kerr (1963) and has been used by numerous other authors (see e.g. Debney et. al. (1969 ) or Kramer et. al. (1979 ). The discussion below is an expanded version of that in Sommers (1976) . The frame is chosen as follows. Let l a = o AōA be the null vector aligned along the degenerate principal null direction of the Weyl tensor:
The Goldberg-Sachs theorem implies that l a is tangent to a geodesic and shear-free null congruence. This
The condition that the congruence be diverging is the condition that ρ = 0, where ρ is the spin coefficient defined by:
(ρ = Θ+iΣ, where Θ is the expansion and Σ the twist.)
is a spin frame. We still have the freedom to rescale:
We can use this freedom to scale W a so that it is a gradient, W a = ∇ a ζ for some complex function ζ. The coordinate ζ is defined up to replacement by f (ζ) where f is an arbitrary holomorphic function (this must be accompanied by a rescaling of o A by (f (ζ)). With these choices we have several spin coefficients vanishing, (κ = σ = τ = = β = π = λ = 0). These follows from the identities:
These choices imply (and can be obtained when)
The coordinates can now be chosen. We use (u, r, ζ,ζ) , where ζ andζ are as defined above, and u and r are defined as follows. We find that [D, D ] is proportional to D, so that it is consistent to choose u so that Du = 0, and D u = 1. Then u is defined up to the addition of real functions of ζ andζ. Finally r is chosen so that Dr = 1, and r = 0 where ρρ takes its maximum.
In terms of these coordinates, the vector fields D, D , ð andð, and their dual 1-forms n, l, m andm respectively, can be written as follows: 
Φ 22 = −ρρ ∆(ψ 0 2 −δδδz) + (∆δz)(∆δz) + terms which vanish when Φ 11 and Φ 12 are zero. 
The asymptotic shear and Weyl curvature components
We can now proceed to identify the asymptotic shear and radiation fields. We have Lemma 2 The asymptotic shear is σ 0 =δz.
Proof: In order to identify the asymptotic shear we can use the following trick. Complexify I to obtain CI so that u is allowed to become complex, andζ becomesζ, independent of ζ. The condition that the congruence is geodesic and shear free is the condition that, in the complexification, m a ∂/∂x a is tangent to complex null geodesics. So at I,δ =z∂/∂u − ∂/∂ ζ is tangent to complex null geodesics. Generally, complex curves given by u = f (ζ), ζ =const., are complex null geodesics in CI iff:
where σ 0 (u, ζ,ζ) is the asymptotic shear. Thus for the geodesics tangent toδ we haveδ(u − f ) = 0 at u = f so thatz(f, ζ, ζ) = −∂ ζ f . Thus
In order to express the asymptotic components of the Weyl tensor in terms of the metric quantities, we introduce a spinor dyad ( o A , ι A ) with respect to the unphysical metric d s 2 which is adapted to the coordinates (u, ζ,ζ). The vectors ι A ι A ∇ AA , ι A o A ∇ AA and o A ι A ∇ AA are tangent to I, and are:
Using these relations, it is possible to see that the spinor dyad ( o A , ι A ) can be written in terms of the physical spin dyad, (o A , ι A ) used in the reduction of the field equations, as follows:
Note also that ε AB = Rε AB . In order to avoid confusion, spinors with a tilde will have their indices raised and lowered with ε AB only etc.
The Weyl spinor Ψ ABCD vanishes at I by virtue of the peeling properties of its components. The field (1/R )Ψ ABCD is therefore finite at I. The radiation fields Ψ , are its components in the ( o A , ι A ) spin frame at R = 0. Straightforward calculation using the formulae for the spin frames given above, and the espressions for the curvature given in the appendix yield the following formulae:
It can now be seen what the appropriate conditions on the functionsz and ψ 0 2 are for various forms of asymptotic regularity. The simplest type of asymptotic regularity is that for some range of the retarded time coordinate, u, I should exist in all directions, that is, for all values of ζ. of a Hermitean form on CT N/T (0,1) N. On N we have the pullbacks, ν, from K of the holomorphic 'volume' forms. The scaling on l can now be fixed by requiring that the determinant of the Hermitean form on CT N/T (0,1) N equals that defined by dν ⊗ dν. (This procedure is well defined, and is not as ad hoc as it may seem; it is the same as the normalization procedures required to define the Chern-Moser connection for the C.R. manifold, Mason (1986) .) Finally, to arrive at the reduction of the space-time metric above, we may choose a coordinate u (defined up to the addition of a real function of ζ andζ) such that l = du + zdζ +zdζ.
We can now compare this to the reduction of algebraically special metrics given in appendix I. The coordinate freedom associated to that metric is precisely the freedom associated with deriving the coordinate forms of ι and l from the line bundle valued form ι on PN, so we see that the correspondence is well defined.
Remarks:
1) The form ι generalizes to curved space the restriction of the form π A dπ A on PT to PN. 2) The form ι is constructed in such a way that the Chern-Moser/Cartan connection on PN naturally acts on it. The reduced vacuum and type N equations are of the order of the first (covariant) derivative of ι. It is an interesting problem to try to express these equations in terms of the Chern-Moser connection for this C.R. manifold. One may, for instance, in the type N case hope for some generalization of the description of solutions in linearized theory in terms of two free holomorphic functions of 2 variables; although at this point it would be surprising if such a simplification were possible. (The field equations in the case of a twisting congruence have so far proved very difficult to solve; it is this case, however, which has previously provided the most hope of globally regular solutions. The twisting case is also the most interesting from the point of view of C.R. manifold theory, since only then is the C.R. structure nondegenerate.)
